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Abstract

The 
o w of water on a rotating plate in an open non rotating cylinder is studied.
Strong symmetry breaking where the free surface forms in a non axis symmetric
way is observed. The systemis operated at high Reynoldsnumbers (105 � 106) and
the character of the symmetry breaking is studied by varying H; ! and � . It turns
out that the number of cornersin the observed shapesincreaseswith frequency, and
decreaseswhen the water level is increased. Changing viscosity does surprisingly
not lead to big changesin the phasediagram and thus the Reynolds number does
not necessarilydescribe the system well. We investigate the e�ect of perturbating
the system with various mechanical disturbances and the e�ect of changing the
surfacetension. For large rangesof frequencies,the shapesare stable to mechanical
perturbations, while it is seenthat they becomeunstable close to the transition
between two shapes. It is also found that forced misalignments of cylinder and
bottom plate haveno observablein
uence on the shapes,sowebelievewearedealing
with spontaneoussymmetry breaking. However, we found that changing the surface
tension intro ducessomechangein the phasediagram. Much hasbeenwritten about
the subject of the 
o w of a 
uid in open cylinder with a rotating bottom plate but
noneof literature encountered hasreported the spectacular deformations in the free
surfaceobserved in this experiment.
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In tro duction

A simpleexperiment canbemadewherewater in a cylinder is rotated by the bottom
plate and the surfaceis free. When this experiment is made, it is expected that the
surfacedeformsas a circular shape when seenfrom above, e.g. as seenin Newton's
bucket1.

We conducted the experiment and something surprising happened when we
started to change the rotational rate of the bottom plate. The expected round
shape of the surfaceof the water changeddramatically for somecertain rotational
rates. Instead of the usual round shape we discovered the formation of elliptic,
triangular, quadratic etc. shapes in the free surfaceof the water when varying the
rotational rate and the depth of the water. The deformations of the surfaceare so
large that they are easily seenby the human eye. When the rotational rate of the
plate is great enough, the deformation of the surfaceis seento persist all the way
down to the plate, which makesthe phenomenoneven more spectacular (see�gure
1.1).

Even though we have useda lot of e�ort on searching the literature for similar
observations we have found nothing directly comparableto the experiment we have
made. This comesasa bit of a surprise to us, sincesimilar systemshasbeenstudied
a lot.

Much e�ort haspreviously beenput into understanding the 
o w producedabove
a rotating disk in a �xed cylindrical container with an open top. Theseexperiments
are usually operated at so low rotational rates that the free surface of the water
has remained essentially 
at and horizontal. Most of the e�ort has been put into
understanding the internal 
o ws. Symmetry breaking in these internal 
o ws has
also beenstudied in detail. Someof the patterns that have beenobserved in these

o ws exhibit a structure with a kind of cornersthat look a bit like the oneswe have
seen. However, thesepatterns are not seenas deformations in the free surfaceand
it seemsthat they are of a di�eren t character than the shapeswe observe.

In this project we will investigate theseshapes, their characteristics and try to
give a possibleexplanation as to why they occur. The 
o ws in the cylinder are very
complicated to calculate since the free surfaceand it's shape should be taken into
account. Calculating these
o ws reachesbeyond the limitations of the project.

The project is experimental and centered around observations of the phenomena
and the interpretation of these. We will intro duce a phasediagram for each of the
two setupsand try to perturbate the system in many ways to reveal it's character-
istics. The natural question as to why the phenomenonoccur is di�cult to answer
due to the very complicated 
o w of the water, but we will make an attempt to make
a quali�ed guessbasedon the literature and observations.

Trying to understand the fundamental dynamics of the system, we will start
o� with a presentation of the parameters that determine the 
o w characteristics
followed by a description of 
uids in rotation.

1Newton's bucket is a rotating cylinder where both the bottom and walls are rotating. Even-
tually the surface will be perpendicular to the �ctiv e gravit y �eld.
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(a) k = 0 (b) k = 2

(c) k = 3 (d) k = 4

(e) k = 5 (f ) k = 6

Figure 1.1: The di�er ent kinds of shapes that appear in the free surface for the 131 mm
setup. k denotes the number of corners in the shapes. Only shapes that reach the bottom
plate are shown, since they are easier to photograph. Far most of the shapes we observe
are symmetric like the ones shown here, but more irr egular shapes have also been observed.
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1.1 Flo w characteristics

The generalbehavior of 
uids in motion often dependson the relation betweensome

o w parameters, and thesecan often be expressedas a dimensionlessnumber or a
ratio depending on the characteristics of the experiment (i.e. length scale,velocity
scaleetc.).

Dimensionlessnumbersareattractiv ein 
uid

Figure 1.2: Flow from right to left
through a pipe: a) Laminar 
ow
(Re = 1150), b) turbulent 
ow
(Re = 2520). From (Schlichting,
1999) p. 13

dynamics,becausesomeof them givesthe means
to compare for instance 
o ws observed in the
laboratory with 
o ws seenin the atmosphere.
If the naturally occurring phenomenonand the
experiment in the lab have the samedimension-
lessnumbers attached they should exhibit the
samephysical behavior in spite of the very dif-
ferent absolute length and velocity scales.Ob-
viously, not all dimensionlessnumbershave this
property, so choosing the right one often gives
important insight into which physical phenome-
non is the most dominant in the experiment.

In this experiment, the following key param-
eters are at hand to construct dimensionless
numbers: The radius of the cylinder, R, the
water level, H , the frequency of the rotating lid 
 and, the viscosity of the 
uid
� . Besidesthat, a number of other parameterssuch as the surfacetension and the
gravitational accelerationcould also be used,but we will not list them all here.

In the following sectionswe will present a couple of the most important dimen-
sionlessnumbers in the experiment.

1.1.1 The Reynolds number

De�ned by

Re =
vL
�

; (1.1)

the Reynoldsnumber givesan approximation to the ratio of inertial to viscousforces
on the 
uid. v denotesa typical 
o w speed,L denotesa typical length scaleof the

o w over which the velocity changesby v, and � denotesthe kinematic viscosity.

In this experiment we will de�ne the Reynolds number to be

Re =

 R2

�
;

so v = 
 R and L = R which seemsreasonable.
For small valuesof the Reynolds number, Re<< 1 the 
o w creepsalong slowly,

whereasfor Re>> 1 the 
o w tends to be lively.
In general there are two di�eren t types of 
o w: Laminar and turbulent 
o w,

which canboth becharacterizedusing the Reynoldsnumber. The di�erence between
the two can most easily be explained if one considersthe 
o w through a pipe as is
shown in �gure 1.2a,b

At low 
o w velocities, or more precisely, at low Reynoldsnumberswe seelayered

o w lines 1.2a. Di�eren t layers of 
uid move with di�eren t velocities, but without
exchange of particles perpendicular to the overall 
o w direction. This is laminar

o w.

In sharp contract to this, at higher Reynolds numbers, the 
uid makes highly
irregular motion perpendicular to the 
o w direction as shown in �gure 1.2b. This
is turbulent 
o w characterized by randomly 
uctuating motion. (Lautrup, 2002,
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Acheson,1990) In this experiment we operate at Reynolds numbers in the range
105 � 106 when dealing with water and in the range 103 � 104 when dealing with
ethylene glycol.

1.1.2 The Froude number

The Froude number can be described as the ratio of the squareof inertial forcesto
the squareof gravitational forceson the 
uid and is de�ned by

F r =
v2

gL

where v and L is de�ned as above, and g is the gravitational acceleration. There
are several relevant de�nitions of the Froude number for this experiment depending
on whether you chooseL = R or L = H . We will use

F r =

 2R2

gH

as a de�nition of the Froude Number.

1.2 Fluids in rotation

1.2.1 A simple model: Fluids in almost solid body rotation

R

qF

C

H

W

m

mg

r

z

Figure 1.3: The rotating bucket

Our �rst approach to understanding the dynamics of this experiment is to con-
sider the following simple model for the experiment; a volume of 
uid in a rotating
cylinder. The entire cylinder, including the bottom and walls, are rotating at the
samerate, so eventually the 
uid will be in solid body rotation with the cylinder.

Now, considera small volume of 
uid of massm at the surfaceunder rotation in
a cylinder as seenin �gure 1.3. In the co-rotating referenceframe the forceson m
is gravit y, mg, the centrifugal force, C = m
 2r � r̂ , and the forcesexceededby the
surrounding 
uid, F. The forcesfrom the surrounding 
uid must be orthogonal to
the surfaceof the 
uid { if not, m would move tangentially which it doesnot since
the shape of the free surfaceis stationary.

To compute the shape of the free surface, consider the following: Since m is
stationary, we have that

jF j cos� = mg and jF j sin � = jCj = m
 2r;
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and thus

tan � =

 2r

g
:

But dz
dr = tan � so we have that

Z
dz =

Z

 2r

g
dr;

which givesus that

z = z0 +

 2

2g
r 2:

So, in this casethe free surfaceof the 
uid has the shape of a parabola.
For su�cien tly high rotation rates the 
uid is pushed against the side and a

jump occurs, that is, a 
uid-free areaof radius r 0 forms in the middle of the bucket.
In the moment when a jump appearswe have that

z = 0 ) r = r 0 ) z0 = �

 2

2g
r 2

0 ;

so

z(r ) =

 2

2g

�
r 2 � r 2

0

�
: (1.2)

Now, volume conservation givesthat

� R2H = 2�
Z R

r 0


 2

2g

�
r 2 � r 2

0

�
r dr = 2�

�
� 
 2

4g
(r 2

0R2 � r 4
0) +


 2

8g
(R4 � r 4

0)
�

Solving this fourth order equation, we get that

r 2
0 = R2

 

1 �

r
4H g

 2R2

!

: (1.3)

From this we deducethree important things. First, the sizeof the jump increases
whenever 
 increases,asexpected. Second,the dynamical height of 
uid at the rim

of the cylinder is z(R) = 

2g

q
4H g
R 2 , so this also increasesas 
 increases.Finally the

jump �rst occursat the frequency
 =
q

4H g
R 2 . Besidesthat, we note the appearance

of the dimensionlessnumber 
 2 R 2

H g which we regoniceas the Froude number.
So far we have restricted ourselves to the case in which the 
uid inside the

cylinder is in solid body rotation along with the rest of the system. This implies
that the azimuthal velocity of the 
uid inside the cylinder is v(r ) = 
 r . However,
in our experiment the boundary conditions dictate that v(r ) must go to 0 as r
approachesR. An Ansatz for v(r ) would therefore be v(r ) = 
 r f (r ) where f (r ) is
a function that ful�lls the following conditions

f (r ) =

(
1; if r = 0;
! 0; as r ! R;

Examples of such functions are

f 1(r ) = k1

r

1 �
� r

R

� 2
; and f 2(r ) = 1 � e� k2 (1 � r =R ) :

where k1; k2 are somescaling parameters.

5



 
0 R

z

r

Rotating bucket
f1

(a) Free surface generated by the rotating
bucket, and f 1
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(b) Velocity pro�les generated by the ro-
tating bucket, f 1 , and f 2 .

(c) Experimental velocity pro�le. From (Mory and
Spohn, 1992)

Figure 1.4: Velocity pro�les, coresponding free surface and exprimental results

Pleasenote, that in both casesthe continuit y equation

r � v =
1
r

(ru)r + wz = 0;

is still ful�lled.
The functions are plotted in �gure 1.4(a) and are in good agreement with the

experimental data seenin �gure 1.4(c).
The free surfacepro�les generatedby f 1 can be seenin �gure 1.4(b), where it

is comparedto that of the rotating bucket.
The model discussedabove is a very crude model for describing the real experi-

ment. However we expect that most of the results from above, e.g. that the sizeof
the jump increasesas 
 increases,still holds in our experiment.

Flo w above a rotating disk

We are now going to investigate the 
o w above a rotating disk. The problem of
describing the 
o w above an in�nite rotating disk in a 
uid was �rst solved by von
K�arm�an (K�arm�an, 1921). The equations governing the system will not be given
here, but can be found in the appendix A.1 where the solution is discussed. The
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(a) The 
ow as described in the von
K�arm�an model. From (Schlichting,
1999)

(b) Sketch of in the cylinder 
ow as we
imagine it. The grey area is 
uid-fr ee.

Figure 1.5: The 
ow produced by the von K�arm�an model compared to the experiment.

Figure 1.6: Shape with 3 corners seen in perspective

results of the calculations are presented in �gure 1.5(a) which shows the streamlines.
The viscousforcesdrags the 
uid near the disk radially outwards under the action
of the centrifugal force. The displaced 
uid is replacedby somenew 
uid which is
axially sucked into the boundary layer. The rotating disk is acting as a centrifugal
pump.

When comparing the von K�arm�an model to our experiment, one has to keepin
mind that �rstly the von K�arm�an model is not valid in a con�ned geometry such
as the oneat hand, and secondlythat the von K�arm�an model doesnot take neither
the freesurfacee�ects nor the jump in the middle of the rotating 
uid into account.
Based purely on observations, i.e. pictures and movies, we imagine that the 
o w
inside the 
uid is as shown in �gure 1.5(b). Centrifugal pumping is still observed,
a fact which is also supported by (Mory and Spohn, 1992), but clearly the 
o w
dependsvery much on the interaction betweenthe di�eren t boundary layers.
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Setup and metho ds

In this section we �rst describe the technical details of the setup. Second,we will
describe how we did the measurements and try to estimate the errors related to
these. Finally we will discussthe methods we usedwhen making measurements.

2.1 Technical description

The setup consistsof a cylinder made of Plexiglas, a motor and a circular plate,
placed inside the cylinder, which is rotated by the motor. The motor is an ICME
Type T63BX2 electric motor and is equipped with a frequency generator T-verter
N2-Seriesand a gearingdevice. The frequencygeneratorhasa counter that runs in
the interval [0:00 : 49:00] in stepsof 0:01,but in practice the motor canrun no slower
than about 7:00 due to friction. We will denote the frequency generator counter
value by 
 c, and it is related to the frequencyof the plate 
 p by the relation 
 p =
2� (� 
 c + � ) with valueswe have determined experimentally as � = 0:15� 0:01H z
and � = � 0:1 � 0:2H z.

The 131 mm setup

The setup is depicted in �gure 2.1(c). The cylinder has an inner radius of R =
131� 3mm and is placedon a table where4 steel rods holds a metal plate on which
the motor is mounted. 4 screwswhich makes it possible to adjust the horizontal
alignment of the motor. An axle of length 500� 5mm and radius 14:00� 0:05mm
connectsthe motor with the bottom plate. Unfortunately , the bottom plate is not
placed exactly perpendicular to the axle, and the axle is only known to be vertical
to an accuracy of 0:2 degrees,becausewe can not measurethe alignment of the
motor to a satisfactory accuracy. The misalignment is responsible for a vertical
motion of the plate of about 2mm at the edgeof the plate, which we will call the
wobbling e�ect.

The 194 mm setup

The setup is depicted in �gure 2.1(d). In this setup the cylinder has a radius of
R = 194� 3mm and is placed on a table and stabilized by the weight of the water
and 4 wooden bricks. In this setup the samemotor is mounted from below which
make both experiments and observations easier. In addition, the cylinder has been
provided with a tap to control the water level,H , easily. The axle goes into the
bottom of the cylinder through a bearing, which makes it possible to adjust the
distance from the plate to the bottom of the cylinder. However, it turned out that
it was better to control the water level instead of moving the plate. The 194mm
setup wasmuch better aligned than the 131mm setup and did only show a wobbling
e�ect of lessthan 0:5mm.
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(a) Pictur e,
131mm setup.

(b) Pictur e, 194mm
setup.

�����������������������������������

�����������������������������������

�����������������������������������

�����������������������������������

�����������������������������������

�����������������������������������

H

R

W

Rotating plate

Plexiglas cylinder

Frequency Motor

counter

(c) Schematics, 131mm setup
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(d) Schematics, 194mm setup

Figure 2.1: Pictur es and schematics for the experimental setups.

2.2 Measuremen ts

The depth of the water can be controlled in two ways: Either by simply controlling
the volumeof the water in the cylinder or by moving the axle. The depth is measured
with a caliper to an accuracy of 0:2mm, but due to the wobbling of the plate and
the fact that the table is not exactly horizontal, there will always be an uncertainty
of at least � 1mm.

We shall denote the number of cornersof the shapesobserved by k, and in some
caseswe will speak of states instead of shapes,when this is more appropriate. With
this de�nition a k = 0 shape is a circle, a k = 2 shape is a ellipse,a k = 3 shape is a
triangle etc. (See�g. 1.1) The number k is directly observable for frequenciesnot
much higher than the transition frequencybetweenthe k = 3 and k = 4 states. For
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higher frequenciesit is necessaryto take a picture to determine k, sincethe shapes
are rotating too fast to seewith the naked eye.

For frequenciesnot much higher than the transition frequencybetweenthe k = 2
and k = 3 states, the frequency of the k-corner shape, 
 k , is determined with a
stop watch to an accuracy of 0:15rad=s. In the 194mm setup it is also possibleto
determine the frequency of the four corner shape with the stop watch. Explicitly ,
we determine the frequency of a k-corner shape by counting 10 cornerspassingby
and measuring the time it takes. We do this 3 times for each shape which gives
us the mean time and uncertainty. The meantime t is related to the frequency of
shapesby the relation 
 k = 2 � � 10

t �k .
For higher frequenciesa strobe can be used. The strobe is 
ashing at the water,

and becausethe shape is rotating and the corners are almost identical, the shape
will appear to be standing still in the lab frame, when the frequencyof the strobe is
exactly set such that it 
ashes every time a corner passesby. One should be aware
that the shape will also appear to be standing still if the strobe 
ashes once for
every second,third etc. time a corner passesby. It turns out to be most convenient
to �nd the highest frequencywherethe shape appearsto be standing still, to ensure
that the strobe 
ashes at exactly every corner that passesby. Then, the frequency
of the k-corner shape is found by reading o� the strobe's frequency and divide by
k.

(a) k = 3 (b) k = 4

(c) k = 5

Figure 2.2: Di�er ent shapes observed in the 194mm setup. Note that the 4-corner shape
almost appears as a square. We have also observed a more star-like 4-corner shape as seen
previously.
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(a) A 2 corner shape seen
from the side

(b) A 2 corner shape seen
from the front

Figure 2.3: 2 corner shape in Ethylene Glycol. The two pictures were taken within few
seconds.

To check if the shape is phase locked the strobe is set in such a way that the
plate appearsto be standing still in the lab frame. This can be done in the 131mm
setup, becausethe plate has marks that indicates the rotation. The frequency of
the �gure is locked to that of the plate with a rational factor if and only if the shape
also appearsto be standing still.

Note that thesemeasurements are very unpleasant becausethe strobe is the only
light in the lab, and one should be aware of not making too many measurements
without pause. Hence,we preferred to use the stop watch, since the uncertainties
of thesemeasurements were satisfactorally small.

2.3 Exp erimen tal metho d and observations

When conducting the experiment two parameterscan be controlled. First, the wa-
ter level is set to the desired value. Second,the frequency of the motor is set to
approximately 1H z, which is the lowest possible frequency, and the frequency is
thereafter increasedin small steps of about 0:1H z. This method is necessaryto
follow, sinceit turns out that hysteresisis evident in the setup { we shall return to
this in more detail later. Furthermore, it is necessaryto increasethe frequenciesin
small steps,sincesomeof the states only exists in very narrow frequency intervals.
In adition to this, the system sometimesneedsomesecondsto stabilize.

We will now go through the series of events that occur as the frequency is
increased. When the frequency is set to the starting frequency of about 1H z, we
observe either a k = 0 or a k = 2 shape, all depending on the water level. It should
be mentioned, that the state is very di�cult to determine for such low frequencies
becausethe deformation of the surfaceis not very large.

As the frequencyis slowly increased,the k = 2 shape eventually becomesclearly
visible becausethe deformation of the surfacegets larger. In addition, the surface
comescloserto the plate. For somecertain frequenciesand water levels the system
is seento oscillate between 2 or more states. It is even seento oscillate between
the two typesof sub states a and b, wherea denotesthe sub state in which the free
surfacereachesthe plate and b denotesthe sub state in which the free surfacedoes
not reach the plate, i.e. the plate is completely covered by water.

As the frequency is increasedfurther, the k = 2 state becomesmore unstable
and the shape of the surface becomesirregular. When the frequency reaches the
transition frequency between the k = 2 and k = 3 states, the shape of the surface

11



Figure 2.4: Intermediate state between a k = 3 and a k = 4 shape. This particular shape is
regarded as a highly irr egular k = 4 shape, since the fourth corner has just developed, but
is stil l not stable. Although states like this occational ly appear near the transition states,
the vast majority of the shapes observed are regular.

is either irregular and it is di�cult to determine if it is a k = 2 or k = 3 shape or
it �nds an intermediate k = 0 state.

Near the transition frequency, typically within 0:3H z, the states are unstable,
and it is usually possible to observe k = 2 as well as k = 3 states at the same
frequenciesdepending on whether the frequency is changedfrom lower frequencies
to higher frequenciesor vice versa.

This overall behavior repeats itself for the k = 3, k = 4 statesand soon, though
there are somevariations. As an examplea k = 3 state is seento oscillate between
k = 0 type a and b, and k = 3 type a and b states { all together four distinct states.
It should also be noted, that the frequency interval, in which a particular shape
exists, gets narrower as k increases.

In general we can say that k increaseswhenever frequency increasesand k de-
creaseswhen the water level is raised.
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Results

In this section we will present the results obtained asexplained in Setup and meth-
ods. We started out using the 131mm setup and later on the somewhatbigger 194
mm setup. Both is depicted in �gure 2.1. The 194 mm setup provided the means
for making a secondphasediagram to verify earlier results, taking better pictures
and making movies since the axle is mounted from below.

Below we present our results in the following order. First we present the phase
diagrams, showing at which water levels, H , and plate frequencies,
 p or f , the
di�eren t shapes occur for both the 131 mm and the 194 mm setup. Next we
present the results of our investigation of the phaselocking of the rotating shapes.
This is interesting since when a k-shape occurs in the free surface the frequency,

 k , with which it rotates relative to the lab frame is di�eren t from that of the plate.
After that we present the results about hysteresis. The system apparently has the
property that going from low to high plate frequenciesis not quite the sameasgoing
from high to low frequencies.

Motiv ated by (Spohn et al., 1993) we then turn to investigate the e�ect of
changing various key parameters in the experiment, and thereafter we discussthe
e�ect of theseperturbations on the stabilit y of the shapes. Finally we look at some
of the di�eren t states of the system, and the transitions betweenthese.

3.1 Phase diagram

One of the main results of this project is the construction of the phasediagrams.
They can be seenin �gures 3.1 and 3.2. The phasediagrams show the number of
corners k as a function of the water level, H , and the frequency of the rotating
plate, f . As it is seenthey group together, somein islandsand somein larger areas
that seemto stretch beyond the scaleof the phasediagram produced.

There are sometransition stateswherea k = 0-state occursbetweene.g. a k = 2
and a k = 3-state. This phenomenonis not solely due to the fact that the shape
becamehighly distorted in the transition states | sometimesstable k = 0 states
appearedbetweentwo states.

3.1.1 Water in 131mm container

The phasediagram is build from 676 data points collected by slowly increasingthe
frequency for a given height { hence,the data is seenas vertical lines. The phase
diagram wasdonewith water in the cylinder of radius 131� 3mm. We did a sample
run of the experiment beforewemadethe actual diagram, soweknew roughly where
to �nd the di�eren t states. Therefore we started the experiment at the height just
before the �rst shapesappeared,and we stopped at the height where water would
comeover the side if we turned the plate too fast.

13
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Figure 3.1: Phase diagram for the 131 mm setup with water.
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Figure 3.2: Phase diagram for the 194 mm setup with water.
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Figure 3.3: Phase diagram for the 131 mm setup with water plotted using the Reynolds
number and the aspect ratio H =R.

3.1.2 Water in 194mm container

The phase diagram for the 194mm setup was done in the same manner as the
131mm setup, and it is made from 447 data points. The 194mm setup was able
to contain more water, so we were able to make the phasediagramfor the same
values of the aspect ratio H=R as in the old 131mm setup. Unfortunately , due to
overheating causedby friction in the bearing, the 194mm setup could not be run
at high driving frequenciesfor longer periods of time. So,sincehigh frequenciesare
neededto seethe shapesfor large H=R, we were only able to make the experiment
for the samevaluesof H as in the 131 mm setup.

If the two phasediagramsare compared,several observations can be made. First
of all, the overall structure and appearanceof the the two phasediagrams are very
similar. The k-states follow the samepattern on both �gures, and the sameislands
of k-statesoccur at roughly the sameplaces. Another similarit y is that for the same
water level, the k-states appear at roughly the samefrequenciesin the two setups.
This is somewhatsurprising, becauseit indicates that the cylinder radius, R, is in
fact not a crucial parameter in the experiment. We shall discussthis later in greater
detail; but from now on we will plot the data using the absolute height, H , instead
of the aspect ratio, H=R, which has beenusedelsewhere(Mory and Spohn, 1992).
The main di�erence betweenthe two phasediagrams is that in the 194 mm setup
we have made fewer observations of states with higher k-numbers. This indicates
that somehow it getsmore di�cult for the surfaceto form shapeswith many corners
with increasingR.

The transitions betweendi�eren t k-states in the two phasediagrams for water
and the onefor ethyleneglycol are shown in �gure 3.8. It is seenthat the transitions
follow straight lines and that these lines are roughly equal for the two setups in
water. We shall return to a further discussionof this diagram later.
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Figure 3.4: Frequency of the k-shapes as a function of the frequency of the bottom plate
for the 194mm setup.

3.2 Phase locking

We have investigated the frequency of the k-shapes, 
 k , as a function of the fre-
quency of the bottom plate, 
 p. The data was collected for the heights 51mm,
60mm and 70mm in the 194mm setup. Thesewerechosendue to the large amount
of ellipses,triangles and squares.The results are plotted in �gure 3.4.

We had hoped for a simple relation for the phaselooking like 
 k = 1
k 
 p. The

k = 2 state follows the line with slope 1
2 for the �rst two measurements, but then

deviate considerablymaking it di�cult to determine whether or not it is locked by
a factor of 1

2 , 1
3 or if it is locked at all. The slope of the k = 3 state follows the line

with slope 1
3 for the �rst few measurements, but as before it is hard to determine

the actual locking parameter, if any. It is seenthat the k = 4 state follows the

 4 = 1

4 
 p line, giving the strongest indication that phaselocking is occurring.

3.3 Hysteresis

While making the measurements it turned out that at least two di�eren t k-states
can be observed for the same plate frequency. We found two ways to make the
system relax into di�eren t states for the same frequency. First, when frequency
is changed in su�cien tly large steps (� 1H z or so) and second,when turning the
experiment around i.e. starting the experiment at high frequencieswhich is then
decreased.

The frequenciesfor which two di�eren t states can be observed is usually near
the transition frequencybetweentwo states, as seenin �gure 3.12(d). The k-states
are not very stable around these transition frequencies,so it is not very surprising
that the system can end up in either one of the two states when the frequency is
altered in big steps.
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W
Figure 3.5: Schematics of the hysteresis observed in the system. Comming from di�er ent
(fr equency) directions makes it possible to have more than one k-state for each 
 p .

Starting at the highest possibleplate frequency(� 7:25H z) and then decreasing
the frequency in steps of 0:15H z is a reversal of the experiment. It is a bit of a
surprisethat the systemis behaving di�eren tly in the two situations. Figure 3.12(d)
indicates that somehysteresisis evident in the system, but we can not tell if it is
due to the imperfections in the setup or if it is an intrinsic feature of the system.
Figure 3.5 shows schematically the hysteresiswe observe.

3.4 The e�ect of changing key parameters in the
exp erimen t

3.4.1 Substituting water with Eth ylene Glycol

To investigatethe experiments dependenceon viscosity, we �lled the 131mm cylin-
der with ethylene glycol, which has a kinematic viscosity � about 20 times greater
than that of water (D. R. Lide, 1995). Thus, sinceRe goesas 1

� we expect the same

o w characteristics in the experiment at frequencies20 times lesscomparedto the
experiment with water. As the motor runs very badly at frequencieslessthan about
1H z, which correspondsto Re = 6; 300in ethylene glycol. From the phasediagram
(�gure 3.3) we should expect to observe nothing but the k = 0 state. However, as
seenin the �gure 3.11,surprisingly we alsoobserve the k = 2 and k = 3 states. This
is not quite what we expected, since it seemedreasonableto expect the Reynolds
number to be the characteristic number of the system.

Instead of the Reynolds number, we might assumethat the Froude number, as
previously described, could be the characteristic number for the system. Figure
3.11(b) indicates that it would be a slightly better idea to use F r instead of Re,
but the results are not quite satisfactory.

Wehavetried a number of other dimensionlessnumbersaswell, but noneof them
gave a better result. So, sinceH=R is not a good number either, we have decided
to simply plot everything in raw data | i.e. frequency against water level instead
of using the Reynolds or Froude number. Surprisingly, as seenin �gure 3.11(c),
this gives good agreement between the water and ethylene glycol measurements,
indicating that the absolutelength scaleand frequencyis of someusefor comparison.
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Figure 3.6: A triangle in ethylene glycol, as seen on the front page. Notice the clearly
visible vortices in the 
ow direction.

3.4.2 Changing the surface tension

To investigatethe in
uence of surfacetension in the experiment we added5� 0:2ml
of concentrated washing up liquid to the water. giving a total concentration of
washing up liquid of 0.05 %. The choice of 51mm was made due to the fact that
this height exhibit all the di�eren t shapesand a changewould be easyto observe.
Changing the surfacetension had an in
uence on our experiment. In �gure 3.12(a)
it is seenthat the most of the states still exist, but has moved to lower frequencies.
Pleasenote that ethylene glycol also has a di�eren t surface tension than that of
water, but that this experiment was made to isolate the e�ect.

3.4.3 Misaligning the cylinder

We tried deliberately to misalign the cylinder to seeif a misalignment in our setup
wasthe causeof the symmetry breaking observed. Two kinds of misalignments were
tried. First, the cylinder was tilted by an angle of � = 1:3 degrees,as seenin �gure
3.7(b). We did the experiment for H = 55mm in the 131mm setup. As seenin
�gure 3.12(b) no di�erences was evident within the uncertainty.

Second,the axle wasmisalignedby � = 1:0 degrees,asseenin �gure 3.7(a), and
nearly no e�ect was observed as seenin �gure 3.12(c).

3.5 Stabilit y and time evolution of the states

In this section we want to describe the time evolution and the stabilit y of the
di�eren t kinds of states we observe. First we note that the number of corners k
increaseswhen 
 p is increased(see�gure 3.1). If a k-state exists in a given interval
of frequencies,the most stable states are observed close to to the middle of this
interval. The most stable states are stable to quite large mechanical perturbations,
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Figure 3.7: Deliberately misaligned setups.
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Figure 3.8: Transition between k-states for the 131mm setup, the 194 setupand the ethylene
glycol measurements. The k-valued lines indicate the �rst appearance of the the k'th state.

such as holding a ruler into the water. Even larger perturbations slow down the
water considerably, and hencethe stabilit y is decreased.If the perturbation is great
enough, the system is seento go to the k = 0 state. When the perturbation is
removed, the stable systemsreturns to the k-state a few secondsafter the water has
regainedits velocity. See�gure 3.9 for an exampleof a stable k = 3 state.

When the frequency is getting closeenoughto the endpoints of a given interval
of frequencies,the k-state becomesunstable. Hence,even a small perturbation can
kick the system out of the k-state, and the system does not return to that state.
Instead, if the frequencyis closeto the upper (lower) bound of the interval, the new
state of the systemis either a knew = 0 state or a knew = kold + 1 (knew = kold � 1)
state. For somestates, the knew = 0 state is seento becomeunstable and decay to
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(a) t = 0:0s (b) t = 0:2s (c) t = 0:4s

(d) t = 0:6s (e) t = 0:8s (f ) t = 1:0s

Figure 3.9: Time development of a steady rotating k = 3 shape. As it is seen the shape
has a frequency of about 1 H z relative to the lab. The plate frequency is about 3 H z, and
the camera is �xe d in the lab.

the knew = kold + 1 (knew = kold � 1) state after a few minutes, which corresponds
to about 500� 1; 000 revolutions of the plate.

For H = 52� 1mm and a stable k = 3 state at a frequency 
 c = 19:50 we have
let the experiment run for 67 minutes without observingany changes.

It shouldbenoted that not all transitions follow this pattern. We haveseensome
examples of states that change within a very narrow frequency band. Consider
�gure 3.10. The system started out in a stable k = 0 state. At the time t = 0
the frequency is increasedby 0:15H z, and eventually after 20s the frequency of
the water has increasedto the frequency corresponding to the new frequency of
the plate. Look at the times beneath the pictures and note how rapidly the state
changesto a stable k = 2 state and note how the water raises4cm in the center of
the cylinder.

Furthermore, somemeta stable states are observed. For somevalues of H the
system is observed to oscillate between two, three or even four di�eren t states.
Mostly the systemoscillatesbetweentwo neighboring states, i.e. betweenthe k = 0
and the k = 2 state etc., but sometimesthe systemcan be seento oscillate between
the k = 2a and k = 2b states etc., where a denotesthe sub state where the plate is
completely covered by water, and b denotesthe sub state where a part of the plate
is free of water. For a few valuesof H the systemis seento oscillate in a four-cycle.
For example, for H = 70 � 1mm and 
 c = 24 the system oscillates in the cycle
(0a ! 0b ! 3b ! 3a). The period of theseoscillations are typically of the order of
60 revolutions of the plate, the four-cycle having a period of about 2� 60 revolutions
of the plate.
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(a) t = 0:0s (b) t = 13:4s (c) t = 20:1s

(d) t = 23:7s (e) t = 24:2s (f ) t = 24:9s

(g) t = 26:1s (h) t = 26:3s (i) t = 26:6s

(j) t = 28:1s (k) t = 28:8s (l) t = 29:7s

Figure 3.10: Time development of a transition between a k = 0 state and a k = 2 state.
At t = 0 the frequency is increased from 2:30H z to 2:45H z. The water level is 93mm .
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Figure 3.11: Comparison of experiments made with ethylene glycol and water in the 131
mm setup with the same aspect ratios: 0.30, 0.35, 0.38, 0.41, 0.45. We can see that the
Reynoldsnumbers doesnot provide a good dimensionlessnumber for describing the system.
The Froude number F r does provide somemeans for comparison. We haveremoved k = 0-
states above F r = 4.
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Figure 3.12: Al l the perturbations compared to the unperturbed water system in the 131
mm setup at same water levels.(a) Di�er ence in the occurrence of shapes when decreasing
the surface tension. (b) E�e ct of a forced misalignment of the cylinder of 1:3 degrees.
(c) E�e ct of a forced misalignment of the axle of 1:0 degrees. (d) "Normal" corresponds
to the experiment made with increasing plate frequency. "Hysteresis" corresponds to the
experiment made with decreasing plate frequency.

23



Discussion

We will �rst discussthe results presented earlier and then draw someconclusionsif
possible. Second,we will discusssomelooselyformulated ideasof an explanation of
the phenomenon.Furthermore wewill compareour experiment to other experiments
that have revealed similar phenomena. Finally we will present a small group of
subjects which we think could be interesting to study further.

4.1 Discussion of the results

4.1.1 Phase diagram

It is interesting to compare the phasediagram we constructed with the one made
by (Mory and Spohn, 1992),which can seenin �gure 4.1. Comparing that to �gure
3.3 we seethat even though the Re and H=R domains are very di�eren t there are
still some similarities. E.g. the di�eren t states occur in similar domains in both
�gures.

For clarit y, we should note that whereaswe treat the symmetry breaking in the
free surface, the states described in �gure 4.1 corresponds to internal symmetry
breaking in the mean 
o w.

4.1.2 Symmetry breaking, viscosit y, and the Reynolds num-
ber

The idea of making the experiment with ethyleneglycol was to test if the symmetry
breaking is a viscous phenomenonor if someother mechanisms were responsible.
The work that has been done so far concerning rotating 
uids, although most of
it has been done for low Reynolds numbers, has revealed insight to the symmetry
breaking and the 
o w is quite well understood with the Reynolds number as the
characteristic number for the 
o w.

Therefore we expected the Reynolds number to be an important parameter in
our system, or actually the characteristic number for the system together with the
water level H or aspect ratio H=R.

Had the Reynoldsnumber beenthe characteristic number of the 
o w, we would
expect to �nd the sameshapes in ethylene glycol at the sameReynolds numbers
as we found them in water. BecauseRe _ 
 p

� and � e is, say 20 times greater than
� , the frequency for which the shapes exist should be 20 times less than for that
of water. But since the setup cannot operate at such low frequencies,we did not
expect to seeany symmetry breaking in the ethylene glycol at all.

Surprisingly it turned out, that the shapesin ethyleneglycol appearedin roughly
the samefrequencydomainsasfor water (see�g. 3.11(c)). Large di�erence between
the two experiments is seen,but the di�erence in frequency is lessthan a factor of
two, while the di�erence in Reynolds number is more than a factor of 10.
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Figure 4.1: Phase diagram made by Mory and Sphon. It showsthe internal 
ow symmety
breaking in a system similar to ours. From (Mory and Spohn, 1992).

It should be noted that surfacetension should also be taken into account, since
ethyleneglycol hasa surfacetensionof about two thirds of that of water (D. R. Lide,
1995),but accordingto �gure 3.12(a) this should not e�ect the experiment nearly as
much as we expected the Reynolds number to do. Another thing that might e�ect
our results is the fact that there is someuncertainty in the value of the viscosity of
the ethylene glycol, becausethe viscosity of ethylene glycol tends to decreasewhen
in contact with air due to absorption of water vapor. Hence, the e�ect of using
ethylene glycol instead of water should not be as pronouncedas the �gure 3.11(a)
indicates. Still, it is far from the result we expected.

Further discussion of the Reynolds num ber

In the caseof our setup comprising of a �xed cylinder of radius R with a rotating
bottom plate of frequency
 p a typical 
o w speedcould be R
 p (i.e. the azimuthal
velocity of the rotating bottom plate at r = R), and a typical length scalecould be
R. Equation 1.1 thus becomes

Re =
R2
 p

�
: (4.4)

This clearly shows the subtlety of the de�nition of the Reynoldsnumber in that
it is far from certain that the 
uid, actually moveswith a mean azimuthal velocity
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R
 p. A more relevant de�nition of the Reynolds number in this context is

Re :=
vmean R

�
=

RR
0 v( r )d r

R R
�

; (4.5)

where v(r ) is the radial velocity pro�le of the 
uid representing the azimuthal ve-
locity v as a function of the radial distance r .

In reality, the velocity pro�les of 
uids in con�ned cylindrical geometriesdepends
on a number of parameters; e.g. H=R; ! ; � , the boundary layer thicknessand the
surface tension, so one has to be very careful in comparing 
o w characteristics of
di�eren t 
uids basedsolely on Reynolds numbers found by using equation 4.4.

While the Reynolds number describes the viscous properties of a 
uid, the
Froude number provides a kind of description of the the inertial properties of the

uid. That is, if the Froude number is the characteristic dimensionlessnumber
of the 
uid, other mechanisms such as gravit y waves might be responsible for the
phenomenawe observe.

4.1.3 Asp ect ratio and the water level

With the new 194mm setup we were able to test the system's dependencyon the
aspect ratio, H=R. Intuitiv ely we expectedto �nd the samestates in the new setup
if the frequencywas the sameand H=R was the sameas in the 131mm setup. One
could argue that we should not use the frequency but instead use the Reynolds
number, which should be the sameif we were to expect the samedistribution of the
states. But since the discussionabove indicates that the Reynolds number is not
the characteristic number of the system, it doesnot seemreasonableto use. After
all, the experiments show that this is not the case.

Surprisingly, we observed the same�gures in the 131mm and 194mm setup for
almost the sameabsolute water levels. This indicates that the experiment is not
or very little dependent on the radius of the cylinder. Of course, this can not be
true for very large and very small R, but it is quite interesting that the size of
the cylinder does not e�ect the experiment much, at least in the domain we are
working. This leads us to plot our data against H instead of H=R which was our
�rst intention sinceit is a dimensionlessnumber.

4.1.4 Transitions between di�eren t states

In �gure 3.8 we show the transition lines between the di�eren t k-states for the
131mm setup, the 194mm setup and the ethylene glycol experiments. Within the
uncertainties of the measurements, not much qualitativ e di�erence between the
131mm setup and 194mm setup is seen. First, it seemsreasonableto �t straight
lines to each of the transitions of each experiment, and secondthesetransition lines
betweenthe k = 2 and k = 3 states in the 131mm setup hasroughly the sameslope
as the corresponding transition line in the 194mm setup and so forth.

If, however, �gure 3.8 was plot against H=R instead of H , it is clear that the
transition lines would have di�eren t slopes, and that is what we mean by saying
that H=R is not a characteristic number of the system. That is, we do not make
the sameobservations for sameH=R, but we do indeed for sameH .

Surface tension

An explanation to why we seeless states when adding soap to the water is that
soap has the abilit y of decreasingthe surface tension of the water. This might
mean, that it will becomemore di�cult for the water to maintain the shape of the
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surface,especially sharp corners. The more cornersthere is in a shape, the sharper
the cornersmust be becausethey get squeezedtogether.

Since the surface tension is smaller, the states get unstable for smaller k and
hencewewill not expect to �nd all statesif the surfacetension is changedsu�cien tly .

Misalignmen t of the cylinder

We have not had the opportunit y to make experiments in the samecontrolled en-
vironments as done in (Spohn et al., 1993) and even though it has been shown in
a numerical computation of somewhat samecharacter (Thompson and Hourigan,
2003) that the in
uence of thesemisalignments are able to create the main details
of non-axis symmetric open breakdown bubbles, we �nd that these misalignments
have hardly any in
uence. We tried to increasethe misalignments to estimate the
e�ects of this. However, from this we can not say anything about the di�erence
betweena perfectly aligned setup and the setup with a small misalignment. Even
though there is a small misalignment in the setup, it will lead to a forced symme-
try breaking, while spontaneoussymmetry breaking is only observed in a very well
aligned experiment (Hirsa et al., 2002) p. 29.

4.1.5 Rotating vortices

When an a-substate, i.e. the sub state which is not touching the plate, is observed,
the corners are seento be a bubble of air which is pressedinto the surfaceof the
water. Thesebubbles looks in much the sameway as if there was a vortex in each
corner, but it is not easyto seethe real behavior of the 
o w without measuringthe
velocity �eld.

However, we have observed the 
o w near the corners in a four corner shape,
where the frequencywas such that the cornerswas just above the plate. It turned
out that in front of each corner there was a rapidly rotating vortex (see �gure
4.2). It seemsreasonablethat around each corner in an a-sub state there should
be a vortex, which is responsible for the deformations of the free surface that we
regard ascorners. But what happenswhen the frequencyis increasedand the shape
eventually reachesthe plate? The vortex cannot continuerotating under the corner,
simply becausethere is not water all way around.

What we think happens is that while the corner comescloser to the plate, the
vortex moves in front of the corner, and eventually settles down at the side of the
shape. So, when the corners �nally touches the plate, the vortices are lying at the
sidesof the shape, a bit like the balls in a bearing, rotating in the samedirection
as the plate.

There hasbeendonesomemodeling of rotating vortices in a circular domain, but
it reachesbeyond the scope of this project to investigate in further detail whether
or not the shapeswe observe can be modeled with rotating vortices.

4.2 Other work of in terest

4.2.1 Other exp erimen ts concerning cylindrical 
o ws

As mentioned in the intro duction, various types of symmetry breaking in rotating

uids has been known for sometime e.g. (Lopez et al., 2003), but none of them
are really comparable to this experiment, mainly becauseof the big di�erence in
rotation rates.

In (Lopez et al., 2003) the experiment they observed a qualitativ e di�erence in
the mechanisms leading to symmetry breaking in shallow (H=R = 0:25) and deep
(H=R = 2:0) systemsrespectively. The experiment was carried out for Reynolds
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Figure 4.2: A four corner shape with a vortex just in front of each corner.

numbers in the order of 103, and it should be noted that the radius of the cylinder
was 25mm, which might increaseR dependenceof the system.

Three di�eren t modesof waveswereobserved, which have the samesymmetries
as the k = 2 to k = 4 shapes we have observed. Still, we can not say if it is the
same mechanisms that lead to symmetry breaking in our experiment, becauseit
has been carried out in completely di�eren t domains of both length scalesas well
as Reynolds numbers. Also, what is described in (Lopez et al., 2003) is not the
samespectacular phenomenon,since for the deepsystems,the symmetry breaking
did not persist all the way to the surface.

Several other experiments similar to the one described have beencarried out to
investigate symmetry breaking in cylindrical 
o ws. But none of them seemto have
much to do with the phenomenonwe have observed.

4.2.2 Similar symmetry breaking in other systems

Phenomenasimilar to the onewehave investigatedhasbeenobservedin a number of
other experiments not directly related to the rotating disk in a cylindrical container.

One example is thermally driven motion in a rotating annulus. Here the setup
is comprisedof two concentric cylinders with 
uid in between. The inner and outer
cylinder rotates with the sameangular velocity 
, and were it not for the fact that
the inner cylinder is cooled and the outer cylinder is heated, the 
uid would be in
solid body rotation with the cylinders. A weak di�eren tial rotation is observed at
su�cien tly small 
 but as 
 is increasedbeyond somecritical value, the 
o w hits
an intrinsic instabililit y of the system, and a number of non-axis symmetric waves
occur asseenin �gure 4.3(a). As 
 increasesthe amplitude, wavenumber and shape
of the 
o w oscillates in a periodic manner or becomessteady, but at even higher 
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(a) Streamlines in the rotating annulus.
The rotational frequency incr eases from left
to right. Pictur e taken from (A cheson,
1990) p. 335

(b) Velocity pro�les at
the exhaust of a tur-
bine engine. Lines (ful l
and dashed) show lines
of equal velocity. Pic-
tur e taken from (Cohen
and Wygnanski, 1986)

Figure 4.3: Other systemswith properties similar to the rotating disk.

the variations becomehighly irregular, or chaotic (Acheson,1990) p.334-335.
Another exampleis the formation of non-axissymmetric velocity patterns in the

exhaust from aircraft turbine engines(Cohen and Wygnanski, 1986). The analogue
to our experiment in this casecomesfrom the fact that the rear part of the jet
engineconsistsof a seriesof rotating plates �lled with holesplaced in a cylindrical
container.

4.3 Future work

Although wehavecoveredthe basicpropertiesof the system,there areseveral things
to investigate further:

Theory: Little or no theory is available in the literature to explain the phenom-
enawe observe. Therefore, developing such a theory would be oneof the main goals
of any further investigation.

Phaselocking: Although we did examine how the frequency of the shapes was
related to that of the plate, we would have done it more thoroughly if we had the
time. The phaselocking wasdonein the 194mm setup, mostly becauseit wasmuch
easierto measurethe frequencyof especially the 4 corner shapesthere, but it would
be interesting to examine the phase locking in the old 131mm setup, becausewe
would be able to measurethe frequency locking parameters for the k=5,6 states.

Periodically varying states0a ! 0b ! 2b ! 0a ! : : :: It would be interesting to
measurethe period of a periodicly varying state and incorporate them in the phase
diagram. It would also be interesting to check if they are stable and can oscillate
for, say a coupleof hours, or if the systemeventually relaxesto one of the states in
the cycle.

Surface pro�le: It could be interesting to look into the pro�le of the free surface
as seenfrom the side becauseit possibly contains a great deal of information about
the internal 
o w of the system. Also, to �nd the slope of the 
uid in the corners
of the shapes would be interesting. During our observations we observed that the
slope of the 
uid in the corners of someof the shapes was almost in�nite or even
negative.
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4.4 Concluding remarks

Throughout this report we have described the surprising phenomenonof symmetry
breaking in the free surfaceof water. We have described all the visual properties
of the systemby presenting someof the hundreds of pictures and movie recordings
made over the courseof this project.

We have made measurements of the di�eren t states of the system and have
presented them in various ways. Altogether we have gathered more than 1200
single data points, all of which have beencollected manually.

We have presented results that describe important physical properties of the
system,most notably by drawing the surprising conclusionthat the phenomenonat
play is not viscous,and by presenting the phasediagram.

Though we have not beenable to �nd an answer for all the questionsthat have
arisen in the processof making this project, we have have gained much knowledge
about the systemand the next step will be to start searching for a theoretical model
to describe the phenomenon.
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Notation

Name Unit Meaning Size
R mm Radius of the cylinder
H mm Water level above the rotating plate at 
 p = 0

 p rad/s The rotational frequencyof the bottom plate
f 1/s=[Hz] Sameas above, but used in �gures.

 c Number read o� the frequencygenerator

 w rad/s Rotational frequencyof the water

 k rad/s Rotational frequencyof a k-corner shape
k - Number of corners in a particular shape
� m2s� 1 Kinematic viscosity of water 8:64 �

10� 7m2s� 1

� e m2s� 1 Kinematic viscosity of ethylene glycol 17:8 � � =
1:54 �
10� 5m2s� 1
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App endix

A.1 The von K �arm �an mo del

Von K�arm�an (K�arm�an, 1921) consideredthe 
o w above a rotating disk of in�nite
radius with the 
uid of density � and viscosity � at rest far from the disk. Consider
the cylindrical coordinate system,r; � ; z, illustrated in �gure A.1. The rotating disk
is placed at z = 0, and rotates with constant angular velocity ! 0 about the axis
r = 0. If we let u; v and w be the velocity in the r; � and z direction, the 
o w is
determined by the Navier-Stokesequations in cylindrical coordinates

uur + wuz �
v2

r
= �

1
�

pr + �
�

ur r +
1
r

ur + uzz �
u
r 2

�
; (A.6)

uvr + wvz �
uv
r

= �
�

vr r +
1
r

vr + vzz �
v
r 2

�
; (A.7)

uwr + wwz = �
1
�

pz + �
�

wr r +
1
r

wr + wzz

�
; (A.8)

and the continuit y equation
1
r

(ru)r + wz = 0; (A.9)

where e.g. vr denotesdi�eren tiation with respect to r .
The boundary conditions are

u = w = 0 and v = ! 0r for z = 0;

u = w = 0 for z ! 1 :

To solve the equations A.6-A.9, we usethe trial solutions

u = r ! 0F (Z );

v = r ! 0G(Z );

w =
p

� ! 0H (Z );

p = p0 + �� ! 0P(Z );

r

v
w

u

z
w

q

0

Figure A.1: The rotating disk.
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where the variable Z is de�ned as Z =
p ! 0

� z. Inserting thesefunctions in A.6-A.9
we get a set of ordinary di�eren tial equationsdepending only on the singlevariable
Z

F 2 � G2 + H F
0
� F

00
= 0; (A.10)

2GF + H G
0
� G

00
= 0; (A.11)

2F + H
0

= 0; (A.12)

P
0
+ H H

0
� H

00
= 0; (A.13)

with the boundary conditions

F (0) = H (0) = P(0) = 0;

G(0) = 1;

F (1 ) = G(1 ) = 0:

The solutions of A.10-A.12 was carried out by von K�arm�an in (K�arm�an, 1921).

Figure A.2: Dimensionless velocity pro�les.

Figure 1.5 shows the streamlines, and �gure A.2 shows the dimensionlessvelocity
components. The viscous forces drags the 
uid near the disk radially outwards
under the action of the centrifugal force. The displaced 
uid is replaced by some
new 
uid which is axially sucked into the boundary layer i.e. the rotating disk is in
fact acting as a centrifugal pump. (Mory and Spohn, 1992,Schlichting, 1999)
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